The scattering phase matrices for finite hexagonal cylinders oriented randomly in space were computed by superposing the scattered intensities of Fraunhofer diffracted rays and geometrical optics rays. However, the effect of interference is considered when the optical path lengths for two rays, split by some obstacle and scattered in the same direction, are equal to each other. Single models (c/a = 2.5 and 0.4) for a hexagonal column and a plate, resembling the corresponding crystals in atmospheric clouds, are used in the computations. Our results showed different values for the phase matrix elements, P 3 3 and P 44 , from those obtained previously by Cai and Liou. The backscattering linear depolarization ratios and the asymmetry factor for hexagonal plates oriented horizontally were then computed. The backscattering linear depolarization ratios exceeded 1.0 at certain orientations.
Introduction
The computational and theoretical studies on light scattering properties for ice crystals have been developed by several researchers.1-5 They used the geometric ray tracing method which is approximately valid when the crystal size relative to the wavelength is large. These computations 4 5 show that the phase matrix elements, P 3 3 and P 4 4 , for finite hexagonal cylinders oriented randomly in 3-D space are different from those for spheroidal particles 5 6 and from the measured ones for artificial ice crystals. 7 In this paper, using the ray optics B technique proposed by Takano and Tanaka, 8 we extend the work of Cai and Liou 4 (CL) on the scattering phase matrix for finite hexagonal cylinders oriented randomly in space. Here ray optics B means that the scattered intensity of the Fraunhofer diffracted rays, the intensity of the externally reflected rays, and the intensities of the refracted rays after some internal reflections are superimposed by ignoring their phases. However, the effect of interference must be considered when the optical path lengths for two rays, split by some obstacle and scattered in the same direction, are equal regardless of the size of the cylinder. As shown later, we can obtain the backscattering linear depolarization ratios and the plates oriented randomly in space is computed. The computed backscattering linear depolarization ratios can then be compared with the lidar observations 9 -" and the laboratory measurements.1 2 1 3 These results are applicable to remote sensing of atmospheric ice crystals.
II. Ray Tracing and Amplitude Matrix
In this study, when we do not explain a term, the notation of CL is being followed.
Let a plane wave be incident on a finite hexagonal cylinder from a direction with zenith angle X = r/2 -a and azimuth angle measured with respect to the coordinate system fixed to the cylinder. The X and Z axes of this coordinate system are directed, respectively, along the a and c axes of the crystal, as shown in Fig.  1(a) . Although CL have taken their X axis along the b axis of the crystal, such a minor difference will not affect the following discussion. As for the Cartesian coordinate system OX'Y'Z', we apply a definition different from that of CL to reduce the number of integration for particle orientation. Although the axis OZ' is taken along the incident direction, the axis OX' is taken in the plane containing the axes OZ and OZ' as also shown in Fig. 1(a) . Then the matrix A which represents the direction cosine between the six axes of OXYZ and OX'Y'Z' can be explicitly given by -sina 0 cosa cos3 sink 0 A = 0 1 0 -sin: coso 0 .
-cosa 0 -sina 0 0 1 (1) Hereafter rays are traced by using the method of CL. {However, their Eq. (24) has been erroneously written and should be read as Here a prism plane refers to one of the rectangular sides of a finite hexagonal cylinder. So that the plane containing the propagation direction of the light ray and the Z axis becomes the reference plane, we rotate the coordinate system by the angle q5sn-When a light ray emerges out of the basal planes of the crystal, their normal directions are parallel to the Z axis, and, therefore, frs = 0. Thus let us consider the case where a ray emerges out of a prism plane as shown in Fig. 1(b) .
Let the direction cosines of the three axes in the coordinate system OX'tY' tZ',t relative to the coordinate system OXYZ be
Then the matrix Bn is given by
From Fig. 1(b it J, for n 1,
Thus the scattering amplitude matrix A' relative to the plane containing the propagation direction of the ray and the Z axis is expressed as 
In Eq. (9), Pn is the 2 X 2 matrix which represents the rotation of the coordinate axis by the angle 0sn similar to Pn. When n -1 is smaller than 2, in Eq. (9) should be regarded as the identity matrix. In Eq. (10), the factor cosTr/sinOn is explicitly included. This factor is derived from the fact that the fluxes of incident radiant energy and scattered radiant energy are proportional to cos-r' and sin0n, respectively. When the incident ray grazes the cylinder, i.e., when 01 = 0 in Eq. (10), w 1 should be 1. As for n 2 2, w' diverges when°n equals 0 or 7r as it does in the glory for large spherical particles. In such a case, the scattered intensity cannot be determined in the context of classical geometrical optics, so that sinOn is then approximately given by sin(AO/4), where AO is the numerical increment for the scattering angle, say 2°.
Next, as known from the configuration in Fig. 1(a) , the scattering amplitude matrix A n) in reference to the scattering plane can be given by
Here the angle Oen is expressed as (12) and (13), we can obtain the expressions for the angle Ottn. For singular cases, the limit should be considered as follows:
for On = 0 and 7r.
Interference Between Two Rays
The scattering phase matrix G (n) of the ray for n can spatial skew rays, the asymmetrical spatial skew rays, and the plane skew rays. The nomenclature of Liou and Lahore 2 is followed and extended here. Figure 2 (e) corresponds to their Fig. 1 . In the case of the scattered light at 0 = 0, 2a, and 7r -2a in Figs. 2(a)-(c) , the relation between the amplitude matrices for the two interfering rays is the same as the relation between the amplitude matrices 14 for two particles which are mutually the mirror image with respect to the scattering plane. Thus the resultant amplitude matrix S (n) is given by
This is because the signs of the rotational angles, hi (i = 1-n) and Oms, of the coordinate system for these two interfering rays are opposite to each other similar to the corresponding case of a circular cylinder. is given by
Equation (16) shows the inherent property1 4 in the amplitude matrix at 0 = 7r, that is, St) -si'. The physical ground for Eq. (16) is given in the Appendix.
In fact, when we consider the phase matrix for ice crystals oriented randomly in space, many rays, whose interference can be discounted, contribute to the scattered intensities at 0 = 0, 2a, and 7r -2a, whereas the interfering rays exist only for a = 0/2 and (7r -0)/2 at each scattering angle 0. So we might not adopt Eq. (15) for computation of the phase matrix at these directions in the case of random orientation in space. On the other hand, we should use Eq. (16) for the computation of the phase matrix at 0 = 7r even in the case of random orientation in space, since the spatial skew rays as well as the plane skew rays exist for angles a.
IV. Scattering Phase Matrix for Finite Hexagonal Cylinders Oriented Randomly in Space
At first, by using the amplitude matrix A (n) or S (n) thus obtained, the phase matrix of the rays for n can be expressed in van de Hulst's notation' 4 as (16) where the scattering angle is neither 0 nor 7r. Here we consider the phase matrix to transform the incident Stokes parameter (IoQoUoVo) to the scattered Stokes parameter (I,Q,U,V). By applying the assumption of rotational symmetry,1 4 the phase matrix elements at 0 = 0 can be expressed as follows:
and the other Gk1 values are 0. And at 0 = 7r, the nonzero matrix elements can be expressed as
The above explicit representations for the phase matrix, Eqs. (17)- (19), are derived by following the method outlined by van de Hulst.
Next let us assume that the phase matrix can be approximately obtained by superposing not the amplitudes but the intensities when particles are oriented randomly in space. Thus the phase matrix elements can be expressed as the sum of the contribution from the Fraunhofer diffracted rays and those from the geometrical optics rays:
The diffraction term GD for finite hexagonal cylinders is computed by the method described by Takano and Asano.1 5 The summation for q in Eq. (20) is over each grid point on the finite hexagonal cylinder. If the material of the cylinder is nonabsorbing, the geometrical optics terms Gk'J) in Eq. (20) Here the above integration is performed regardless of the value of o. Thus Gfl can be regarded as the phase matrix elements averaged not only over the angle : but also over the azimuthal angle 0. This integration
method to obtain Gg 1 is equivalent to the integration scheme of CL which rotates the cylinder around the incident direction. The backscattering linear depolarization ratios and the asymmetry factor for randomly oriented plate crystals with vertical c axes are obtained V.
Computed Results and Discussions
As several features of the computed scattering phase matrix for finite hexagonal cylinders have been explained by CL, we will mention only the features which are unexplained by them and different from them. to five internal reflections, but the diffracted ray has not yet been included. The peak y at 0 = 280 corresponds to the 220 parhelia. The scattered intensity changes abruptly at 0 = 1000. This does not correspond to a certain peak but is only a discontinuity of intensity. Rays which are incident on a prism plane and emerge out of a prism plane after an even number of reflections at the basal planes are confined on a solid cone. This cone is the same as a parhelic circle. The angular diameter of the parhelic circle is 7r -2a. Hence there appears the abrupt reduction of the azimuthally averaged intensity at 0 = 1000. The peak at 0 = 2a = 800 corresponds to the subsun. The peaks and X at 0 = 86 and 1340 correspond, respectively, to the 220 subparhelia and the 1200 subparhelia, since these peaks are expected to appear, respectively, at 0 = 86.58 and 134.960 from simple geometry. Although the peak corresponding to the 1200 parhelia would appear at 0 = 83.12°, the strong intensity of the 220 subparhelia around 0 860 masks the weak peak corresponding to the 1200 parhelia. Thus the appearances of these well-known atmospheric optical phenomena indirectly assure the validity of our computation scheme. In addition, according to Greenler,' 6 the 1200 subparhelion has not yet been reported by anyone. However, the contrast between its azimuthally averaged intensity and the background intensity is stronger than the contrast between the intensity for the secondary rainbow and its background (e.g., Ref. 17) . Therefore, we may be able to detect the 1200 subparhelion from aircraft looking down into ice clouds. f P 1 1dQ/47r = 1.
Comparing these figures with those of CL and LCBH, 5 we can see that the signs of the computed phase matrix They have computed the phase matrix for the monodisperse finite hexagonal cylinders by superposing the amplitudes. On the other hand, we compute the phase matrix by superposing the intensities under the assumption that the effect of the interference will be completely averaged out. Thus it turns out that the integration over the particle orientation has the effect of averaging out fluctuations on the scattered intensity due to interference, as does the integration over the particle size. Corresponding to this, the asymmetry factor (cosO)G computed from geometrical optics for plates is smaller than that for columns (see Table I ). The (cosO)G values are independent of size parameter in this nonabsorbing
case. This smaller asymmetry factor for finite hexagonal cylinders conforms with the fact that the observed cloud albedo for cirrus at the visible wavelength is larger than the cloud albedo computed under the assumption of spherical cloud particles. a The digits 4 and 6 denote n. The digit in parentheses denotes the number of total reflections. Prism and Basal mean the plane on which the ray is incident. There are few contributions at a ' 780.
can cause a reflection from the basal plane of rays which travel in the path shown in Fig. 6 (a) so that this feature does not appear in Fig. 5 .
The matrix element P 4 4 /P11 in Figs. 4 and 5 has a maximum value at 0 = 1520, which results from the fact that this element has a maximum value around there when ao 0. These maxima at a 0 can be explained as follows. The positive values of this element at a oe 0 are caused by the rays for n = 4 and n = 5, which are reflected totally once and reflected ordinarily once and twice, respectively. As the incident angles for the ordinary reflections are larger than the Brewster angle, the signs of Rxn and Ryn are the same. Hence Pr4) Pt) Si2) = Re[Aln) At 4] has positive values when a 0. On the other hand, the background for P 44 , caused by the externally reflected rays, has negative values since their incident angles are smaller than the Brewster angle. Therefore, the element P 4 4 /P 1 l has maximum values around 0 = 152° when a 0. Figure 7 shows the linear depolarization ratios H and 8 v, which are defined, respectively, as = P 11 -P 2 2 Pl + 2P 12 + P 22
The linear depolarization ratio (Fig. 3 of 
in size of each column (L = 300 m and L 5 um). Namely, the peak of 3 H,V in Fig. 7 would be washed out by nondepolarized diffraction for small crystals.
In Table I , the backscattering linear depolarization ratios are also shown. These values are comparable with typical values, 0.3-0.5 for pure ice crystals observed by lidar.10,11 The computed backscattering linear depolarization ratio for columns is larger than that for plates. This character can be explained as follows. Appreciable backscattering depolarization comes from spatial skew rays rather than from plane skew rays, since the incident planes do not rotate in the latter case.
As shown in Table II , symmetrical spatial skew rays are incident mainly on prism planes in the case of both columns and plates. On the other hand, as shown in Fig. 2(e) , plane skew rays are incident mainly on basal planes in the case of plates and on prism planes in the case of columns. Thus the ratio of the number of plane skew rays to the number of spatial skew rays for plates is larger than that for columns. Hence, in general, backscattering linear depolarization ratios for columns is likely to be larger than those for plates. In addition, we can explain this feature more specifically as follows.
As shown in Table II , in the case of columns, the symmetrical spatial skew rays for n = 4 with one total reflection mainly cause the backscattering depolarization.
On the other hand, in the case of plates, the symmetrical spatial skew rays for n = 6 with one total reflection cause the backscattering depolarization at a 2 58°. skew rays which cause large depolarizations. From this figure, we can see that there can easily occur two more reflections at the basal planes in the case of plates since the shape of plate crystals is flatter than that of columnar crystals. These two extra reflections make the backscattered intensity of the symmetrical spatial skew rays for plates weaker than that for columns. On the other hand, plane skew rays for n = 4 contribute to backscattering in the case of both columns and plates. In fact, the backscattering linear depolarization ratios 6H(a) and 5v(a) for plates at each value of a behave as shown in Fig. 9 , and these ratios for columns behave similar to those drawn in Fig. 9 , but they take much larger values than those for plates at a Ž 580. Then the asymmetrical spatial skew rays for plates at a ' 41° and those for columns at a $ 510 contribute to backscattering. Thus the difference in the backscattering linear depolarization ratios between 3-D columns and 3-D plates in Table I accordance with the assumption of the present study. Figure 9 shows the backscattering linear depolarization ratios for randomly oriented plates with vertical c axes. As the assumption of the rotational symmetry is not valid, the depolarization ratios are then given
Here we take the plane containing the c axis and the direction of the incident light as the reference plane for polarization. We can see five different regions on the variation for 6H and 6v in this figure. These regions correspond to the five categories in Table II. Both 6H and 6v exceed 1.0 at 520 < a < 590. This is because the sum of the rotational angles of the incident plane for the symmetrical spatial skew ray,
is close to 900 at these angles a. There are maximum values on 6H and 5v at a = 570. These maxima result from the following two reasons. The sum of the rotational angles for the incident plane,
is 900 at a -590, so that the ratios M2,"/MI) and rays relative to that of the plane skew rays also decreases. As a result, we can also see that the gradient of the decrease for 5H and 5v at a > 570 is steeper than that at a < 57°.
Derr et al. 9 obtained the backscattering linear depolarization ratio >100% for a virga with the lidar tilted 300 from the zenith during nonturbulent conditions. If hexagonal plates with the c axes nearly vertical existed in that virga, their observed backscattering linear depolarization ratio corresponds to 6v at a = 600 in Fig.   9 . Although the value of 6v at a = 600 is 0.511, the average values for 6v are, respectively, 1.36 and 2.02, if 6v is averaged over +2 and ±30 around a = 600. This assumption approximately simulates the condition in which horizontally oriented plates fall wobbling with amplitudes between 2 and 30. These wobbling angles are possible, since McDowell 2 2 reported that plate ice crystals, which cause the circumzenithal arc, undergo oscillation of around 10 from equilibrium. Thus the computed results shown in Fig. 9 fairly agree with their lidar observation. Moreover, from Fig. 9 , we can infer that if Derr et al. had used a lidar tilt angle either smaller or much larger than 300 from the zenith, they might not have obtained a backscattering linear depolarization ratio of >100%.
On the other hand, Sassen' 0 found anomalous 6 values at a = 10, 26, and 520 in virga. Although the observed 3 at a = 520 is comparable with that in Fig. 9 , those at a = 10 and 260 are much larger than the computed ones in Fig. 9 . This difference may stem from the effect of multiple scattering and/or the effect of crystal shape. However, this problem is still open. Platt et al. 23 and Sassen 2 4 showed that the 3 values rapidly increase as the lidar is scanned only 100 from the vertical. This behavior is also at variance with Fig. 9 . However, a mixture of oriented and unoriented crystals present in the lidar beam would account for the above difference. Figure 10 shows the corresponding variations in the parallel-polarized backscattered intensities,
with the lidar elevation angle a. The strong intensity at a = 900 is caused by the specular reflection at the basal planes of the oriented plate crystals. Now let us assume that the backscattered intensity by the unoriented crystals is in the hatched region in Fig. 10 . This value is generally determined by the ratio of the volume scattering coefficients of the oriented and unoriented crystals. Then, at a = 900, the lidar beam is scattered mainly by the oriented plate crystals, which explain the very small values of 6 and the high returned powers. At a = 80° (or 820), the lidar beam is scattered mainly by the unoriented crystals, which explain the observed values of 6 (0.3-0.5) and the returned powers smaller than those at a = 900 by about 1 order of magnitude. Figure 11 shows the dependence of the asymmetry factor cos0 of randomly oriented plates with a vertical c axes on the solar elevation angle a. At smaller values of a, say, a ' 350, the asymmetry factor decreases with increasing a since the intensity of the 220 parhelion weakens and its position moves to larger scattering angles.' At 360 < a • 570, as is well known, neither the circumzenithal arc nor the circumhorizontal arc appears because of the total reflection for the ray for n = 2, so that the asymmetry factor takes the smaller values. As the circumhorizontal arc begins to appear at a = 580 corresponding to the reduction of the number of total reflections, the asymmetry factor increases abruptly there. Table I .
VI. Conclusions
The scattering phase matrices for finite hexagonal cylinders oriented randomly in space have been computed on the basis of geometrical optics principles.
Computed results similar to those of Cai and Liou 4 and Liou et al. 5 have been obtained except for the phase matrix elements P3 3 and P 4 4 . The matrix element P 44 is greater than or equal to the matrix element P 3 3 . The comparison of our computed phase matrix with those of CL 4 and LCBH 5 has also shown that the integration of the phase matrix over the particle orientation has the effect of averaging out the fluctuations on the scattered intensity due to interference, as also does the integration over the particle size parameter. However, the effect of interference must be taken into account when the optical path lengths for two rays, split by some obstacle and scattered in the same direction, are equal to each other regardless of the size of the crystal. The computed asymmetry factors for ice crystals oriented randomly in space have been smaller than that for the corresponding spheres.
The computed backscattering linear depolarization ratios for randomly oriented hexagonal plates with vertical c axes depend strongly on the direction of the incident light. And these ratios exceed 1.0 at certain orientations. This can be regarded as one possibility for the abnormally large values of 6v for a virga observed by lidar. 9 The asymmetry factor for horizontally oriented plates varies considerably with the solar elevation angle. Several computed scattering characteristics can be explained by atmospheric optical phenomena and in terms of the total reflection inherent in nonspherical particles. By using the computed phase matrix for 3-D ice crystals, we will be able to compute the polarization field as well as the intensity field in multiple scattering and by extending this study further to investigate the radiative properties of optically anisotropic ice clouds. 
